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Abstract

Let prd) and g (5) be two right- continuous (s, { ) nondecreasing functions which are the

inverse of one another in the sense that
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and which satisfv the conditions p (i)

supt,
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A function M () is called an N function if it admils the representation M (i) /‘:I“',‘l 9]

il
If ane of the inequalities
| ap (Fin) | < w, Py afulfu]

constants a, 8 then M, (< M, (u).

and

pogitive constants &, & and w, such that

Definitions and Theroems

The theory of Nofunctions were discussed earlier in
Hardy, Littlewood and Pélya [2] . Zygmund 3] |
Krasnosel” skit and Rutickn |4 In a paper on the
comparison of N-functions [4 | Kransnosel skii and
Rutickii asserted, with no indication of proof, some
properties of  N-functions, The purpose of this
paper i= Lo give prool of some properties of N fune-
And we shall derive the theorem from the

4, LEMMA §.

tions.
property of N functions, according to
[ p I7] .
If there exist positive constants o, and & such that
My Ged= M, Uhn) (2
My ()< M (m).
relations M, e < M, (o) or M, (i) <2M, () holds, then

ENTAR
then we write And il one of the
the N functions M, () and M, (u) are said to he
comparable.

Let V' ohe a set with elements &, ¢, 0. The sel

<

Pk = pula) =y Uk

¥, b [aq (Bu)] > v, i

where the function p (/) is as mentioned above.
M ag vl

Pl ey ()] o holds for large values ¢, v and arbitrary

afn | Bu)] = u,

M, ) and M. () are equivalent if and only if there exist

(e == gt ).

I s said to be a partially ordered set hy the re-
latiom < whenever < and ¢ < implics w-< .
Theorem 1. The
That is, M, (w)y<2 M, () and M, ()< M,
() implies M ()< M, (o) for the N Tunctions M, (e,
M. tad, My ().
Proof. By hypothesis, M, ()< M, () and M. Ge) <M,
() holds. so that My (e d= My Ghee) G 20000, k= 0),
My Gi) = My Vi) (a2 0> 0, k>

N functions form a partially

ordered set

i) respectively.  In
virtue of the fact M. (1) increases indetinitlv, a w, =
Lty can be found such thalt M, Gk = Mo L), There-
fore, we have M, (1)< My (2), from which it follows
that M, ()= M, U for o= uy= max (uy, 0) > n, and
we iy dassume that & - /. Thus, the N-functions
form a set which is partially ordered relative to the
svmbhbol <.

We say that the N-functions M, () and M, (x) are
caquivalent and write My Ge) ~ M () 08 M) Gd =2 M, (o)

and M, i) < M (#).
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Theorem 2. Everv N function M (#) is equivalent
Lo itself.
Proof. The relation M, ()= M, (k) (=, k>0)
implies M, (u)= M, (). I we replace M. (#) and M,
{(#) in the above imequalitv. then we have M, ()= M,
(krt) (00 =ty > 00).
M, (u). In virtue of M, G M. (a) and M. (u) < 8
(#), every N-function M () admits the representation
My Gy~ Mo (a)~ M (u).

The N-functions M, (#) and M, («) are

This inequality satisfics M, (w) <

Theorem 3.
equivalent if and only if there exist positive constants
ky, By and u, such that
M, Uu)= M, ()= M,y ()

By the definition of the equivalence of the N

(1= 1) %)
Proof.
-functios,
M, ()= M, (Byn)
holds and similarly
M ()= M, k)

If weset fe =07 in (2) then w—

(U= =0, k>10) (1)

(=, >0, }’c:i = (1) halds. (2)
% Hence (2) can be
rewritten as

M, ()< M. (n), (3
when we write anew £, — ,,i and /=u. Now il u, is
chosen to be the smaller of &, and . then it follows
The suf

ficiency of the condition (#) is thus proved. Con-

from (1) and (3) that (%) whenever = u,.

versely, if (%) holds for &, & > O and 2= then 1t 1
clear that M, (a)~ M., (u).
Thearem 4. The N function M () is equivalent to

the N function M (k) for arbitrary & =@,

Proof. In virtue of the right inequality of (%), M.
()= M, ( f k). If we assume %—-:)m‘.» @, then A,

(ee)= M, (my k) Also in virtue ol the left

inequality of (%), M, l%lsrr];—i M. (x).

(# = itg).
We set
}f m, >0, then we obtain M, (™ k) < M. (u).
Therefore. it [ollows from Theorem 3 that A (w)~M
(k) from which it follows thal we rewrite M, (i)
=M (n)=M (u).

Theorem 5. The N [unctions M, (x) and M. (#) are

equivalent if satislying the condition

. M) i
Lim gty ¢

i

Proof.  Recalling the definition of the limit, (see

— 98

Natanson [1] ), it is clear that if the limil of the
M)
2 (7f) |
positive number & a positive inleger #, can be assign-

sequence 15 @, then corresponding to any

ed sueh that

M)

T T | s for all w > w,,

Then we have — &M ()< M, (U —adds ()< eMs (1)

which can he written as

aM, () M. ()< M. L)< b (i) + M. (i),

Since M, (#) and M. (#) are increase infinitely, we have

Mo (ko)< M L)< M (Bw) for k., k=0, Using
Theorem 3. we obtain M, (1)~ M, ().
Theorem 6. If one of the incqualities  p [ag

(B < o, [y
i ap. (Bu)] < u.

()| > e, 4
fe Laps (Fu)

ap, (An)| > u,
st e Lapy (Bu)] >
holds for large values #, ¢ and arbitrary constants a.
A then the N functions satisfy the relation M, () < M,
().
Proof. We prove thal if p (e (80)] <2 then

ML) <M, (a0). Another assertion can be proved ana-

logously.  We set g (fe)=n. Tenece we have S
“ o tw) In virtue of the hypothesis, we obtain
oo lew] < 1t follows that  plaw < ¢ ‘é—/lg(zr).

In virtue of

the fact that £, t#) increases indefinitely, a s s
@

Moreover, if we set aw— 1 then

- M
can be found such that for x = and & > 1, we have
a

!

1 Sl J

Dol ) 4 S

Sl hre)

Therefore, using LEMMA 3.1 (sce |4

obtain M, (w) < M, ()

pol7), we

thearem follows from Theorem 3 and

LEMMA 3.1

Theorem 7.

The next
4. p 17
The N-functions M, () and M, (#) are
equivalent if and only if there exist positive constants
ki, kyoand i such that

Dilkesne)s

plid= plke) (=)
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q (s)=sup=t, p(l)=supss

plt)=s pls) st
g(s)=supt, p(t)=sups
plt) s gls) st
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and palapi(w)]> u
and pzlapi(Fu)]> u
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